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Chapter 2 Rigid Body Motion

2.3 Rigid motion in R3

Exponential coordinates of SE(3):

For rotational motion:

p(t)=w x (p(t) - q)
His
0 0 0 1
orp=£-p=p(t) = effﬁ<o>
(Et)

Rigid Moti
s en where eb'=T + &t +

Figure 2.13
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Exponential coordinates of SE(3):

Chapter 2 Rigid Body Motion

For rotational motion:
p(t)=w = (p(t) - q)
[ plfe -wexq][p ]

0 0 0 1
orp=E-p = B(t) = ¢5(0)
.. . £ A 2
Rigid Motion where e%'=I + &t + % + e
For trgnslational motion:
p(t)=v

Y H T
0 0 0 1 )
p(t)=E-p(t) = p(t) = ep(0)
s 0 v
E‘[o 0

Figure 2.13
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2.3 Rigid motion in R3

Definition: X

se(3) :{[ ‘(‘)) 6 ]ER4X4 v,weR3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R®, defined by A : R® > se(3)

E=[o]-E=[9 §]

34

Rigid Motion
in R®
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Property 6: exp : se(3) - SE(3), £0 et
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2.3 Rigid motion in R3

34

Definition: X

se(3) :{[ 0 0 ]ER4X4 v,weR3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R®, defined by A : R® > se(3)

=l b ]~ ¢ ]

Rigigi Motion . .
i Property 6: exp : se(3) — SE(3), £0 — e%? J
Proof :
Let £=[ ¢ 4 ]
m Ifw:O,thenéZ: 53 :---:O,eée :[ (I) v19 ] € SE(3)
(continues next slide)
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2.3 Rigid motion in R3

m If wis not 0, assume ||w| = L.

Define: ) ) X
go=[(1) wi(v],f'=g51-f'go=[%) héo]

where h= 0T - v.

Rigid Motion and as

in R” A A2 A A3
{/2:[% 8]’513:[0‘()) 8]
we have ) ) .
R ege hci)O ] — %0 _ [ e‘(‘)’e (I- e“’e)d)lv+ wwTvl ]

[
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2.3 Rigid motion in R3

36

p(0) =€ p(0) = gap() = €
If there is offset,

2a(0) = e¥0g,,(0)( Why?)

Rigid Motion
in R®

Figure 2.14
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2.3 Rigid motion in R3

Property 7: exp : se(3) — SE(3) is onto.

Rigid Motion
in R®



2.3 Rigid motion in R3

Property 7: exp : se(3) — SE(3) is onto.

Chapter 2 Rigid Body Motion

Proof :
Let g = (p,R),ReSO(3),p e R?
Case 1:  (R=1) Let

0

Rigid Motion
in R®

i[O ]e=lpl =t =g=[ £ 2]
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2.3 Rigid motion in R’

38
0 Screws, twists and screw motion:

Figure 2.15

Rigid Motion

in R’ Screw attributesl Pitch: h= %(9=0,h= ), d=h-0

Axis:  I={q+ Aw|A e R}
Magnitude: =0



Chapter 2 Rigid Body Motion

2.3 Rigid motion in R’

38
0 Screws, twists and screw motion:

Figure 2.15

Rigid Motion

in R’ Screw attributesl Pitch: h= %(9=0,h= ), d=h-0

Axis:  I={q+ Aw|A e R}
Magnitude: =0

Definition:

A screw S consists of an axis [, pitch i, and magnitude M. A

screw motion is a rotation by 6 = M about [, followed by

translation by h0, parallel to [. If h = oo, then, translation

about vby 6 =M
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2.3 Rigid motion in R’

39
Corresponding g € SE(3):

g p=q+e¢(p-q)+hbw

g.[p ]:[ 6‘89 (I—ea‘)@%qmew ][11) ]:,

g=[ e?0 (I—e‘be%q+h9w ]

Rigid Motion
in R’
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2.3 Rigid motion in R’

39

Corresponding g € SE(3):
g p=q+e¢(p-q)+hbw
@0 Y
g,[zla]:[e (I-e %q+h9a)][11)]:>

0
_| e (I-e*Ng+hbw
g [ 0 1
On the other hand...
Rigid Motion . R .
in R’ R [ e’ (I-e*Nwxv+wwlvl ]
0 1

If we let v=—-w x g+ hw,then
(I-e*%)(=a’q) = (I~ ¢")(~ww'q +q) = (I -¢")q
Thus, eée =g



Rigid Motion
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Chapter 2 Rigid Body Motion

2.3 Rigid motion in R’

39
Corresponding g € SE(3):

g p=q+e¢(p-q)+hbw

g,[zla ]:[ 6‘89 (I—e‘w%q+h9w ][11) ]:,

g=[ e (I-¢e°9)g+hbw ]
1

&0 _ [ e?9 (I-e°Nwxv+wwlvl ]
0 1

If we let v=—-w x g+ hw,then
(I-e*%)(=a’q) = (I~ ¢")(~ww'q +q) = (I -¢")q
Thus, eée =g

For pure rotation (h=0): {=(-wx g, w)

For pure translation: g = [ (I) v19 ] = ¢=(v,0), and eée =g
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2.3 Rigid motion in R’

40
O Screw associated with a twist:

£=(v,w) e R®
Wy ”
PltCth{ ||C()||2, fw=+0
\ oo, ].fa):O
w XV .
AXiS:l:{ |w]?2 +Aw, AeR,ifw#0
if;i%é(;lMotion O+Av AER, lfw I

lo|, ifw#0

Magnitude: M =
° {v, if © = 0



Chapter 2 Rigid Body Motion

2.3 Rigid motion in R’

40
O Screw associated with a twist:

£=(v,w) e R®
Wy ”
PltCth{ ||C()||2, fw=+0
\ oo, ].fa):O
w XV .
AXiS:l:{ |w]?2 +Aw, AeR,ifw#0
if;i%é(;lMotion O+Av AER, lfw I

, ifw=#0
Magnitude: M = o], 1
lv|, ifw=0

Special cases:

h = oo, Pure translation (prismatic joint)

h = 0, Pure rotation (revolute joint)
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2.3 Rigid motion in R’

Screw Twist: €60
Case I:
Pitch: h = o0 0 =M,
Axis: = {g+ M||v| =1,1 e R} é_[O v]
Magnitude: M L0 0
Case 2:
PltCh.hiOO HZM)
Axis: = {g+ Aw||w| =1,1 € R} 5_[ 0 -0g+hw ]
Rigid Motion Ma nitU.de: M N O O

in R3
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2.3 Rigid motion in R’

Screw Twist: €60
Case I:
PltCh: h = 0 9 = M,
Axis: = {g+ M||v| =1,1 e R} é_[O v]
Magnitude: M L0 0
Case 2:
PltCh.hiOO HZM)
Axis: = {g+ Aw||w| =1,1 € R} 5_[ 0 -0g+hw ]
Rigi(él Motion Ma nitU.de: M N O O
in R

Definition: Screw Motion
Rotation about an axis by 6 = M, followed by translation
about the same axis by h6
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2.3 Rigid motion in R’

Theorem 2 (Chasles):

Every rigid body motion can be realized by a ro-

tation about an axis combined with a translation
parallel to that axis.

1793-1880

Rigid Motion
in R’



Rigid Motion
in R’

Chapter 2 Rigid Body Motion

2.3 Rigid motion in R’

Theorem 2 (Chasles):
Every rigid body motion can be realized by a ro-

tation about an axis combined with a translation
parallel to that axis.

1793-1880

Proof :
For & € se(3):
E=babo=[§ T+ [ 0 "]
[ébéz] Ojef 519 Ez

+ End of Section f
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3.1 Forward kinematics
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(a) Adept Cobra i600 (SCARA)
Figure 3.1
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3.1 Forward kinematics
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Forward
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(a) Adept Cobra i600 (SCARA) (b) Forward kinematics of SCARA
Figure 3.1

¢ Lower Pair Joints:
revolute joint S' = SO(2)  prismatic joint R — T(1)
o—® 0 o
¢ Forward kinematics:

base: stationary
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3.1 Forward kinematics

3

Chapter
3 Manipulator
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Forward
kinematics

(a) Adept Cobra i600 (SCARA) (b) Forward kinematics of SCARA
Figure 3.1

¢ Lower Pair Joints:
revolute joint S' = SO(2)  prismatic joint R — T(1)
o—® 0 o
¢ Forward kinematics:

@ joint 1 @

base: stationary Link 1: first movable link
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3.1 Forward kinematics

3

Chapter
3 Manipulator
Kinematics

Forward
kinematics

(a) Adept Cobra i600 (SCARA) (b) Forward kinematics of SCARA
Figure 3.1

¢ Lower Pair Joints:
revolute joint S' = SO(2)  prismatic joint R — T(1)
o—® 0 o
¢ Forward kinematics:

@ joint 1 @_ _ _Jointn Q

base: stationary Link 1: first movable link Link n: end-effector
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SCARA
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3.1 Forward kinematics
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O Joint space:

Revolute joint: S, 0, ¢S or 6; € [-m, 7]

gﬁfé?}iulator Prismatic joint:
Kinematics Joint space: Q:S!'x .- xS'xRx--xR
Forward A o

o : no. of Rjoint  no. of P joint
inematics
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3.1 Forward kinematics

4
O Joint space:

Revolute joint: S, 0, ¢S or 6; € [-m, 7]

gﬁf;?;ulator Prismatic joint:

Kinematics Joint space: Q:S!'x .- xS'xRx--xR

E_Ofwafd_ no. of Rjoint  no. of P joint
Inematics

Adept Q:S!'x S xS' xR
Elbow Q=T%:8'x...x§!

-~

6
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3.1 Forward kinematics

4

O Joint space:

Revolute joint: S, 0, ¢S or 6; € [-m, 7]

gllt/?f;?;ulator Prismatic joint:
i i Joint space: Q:S!'x .- xS'xRx--xR
Forward A o

i : no. of Rjoint  no. of P joint
inematics

Adept Q:S!'x S xS' xR
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Reference (nominal) joint config: 6=1(0,0,...,0)eQ
Reference (nominal) end-effector config:  g(0) € SE(3)



Chapter 3 Manipulator Kinematics

3.1 Forward kinematics

4

O Joint space:

Revolute joint: S, 0, ¢S or 6; € [-m, 7]

gllt/?f;?;ulator Prismatic joint:
i i Joint space: Q:S!'x .- xS'xRx--xR

~" ~"

Forward no. of Rjoint  no. of P joint

kinematics

Adept Q:S!'x S xS' xR
Elbow Q=T%:8'x...x§!

-~

6
Reference (nominal) joint config: 6=1(0,0,...,0)eQ
Reference (nominal) end-effector config:  g(0) € SE(3)

Arbitrary configuration g (0):

gt 0 e Q> gy(0) € SE(3)
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3.1 Forward kinematics

5
0 Classical Approach:

Chapter gSt(el’ 92) = gSt(Gl) | glll2 | ngt

3 Manipulator

Kinematics Disadvantage: A coordinate frame needed for each link
Forward

kinematics



Chapter 3 Manipulator Kinematics

3.1 Forward kinematics

5
0 Classical Approach:

Chapter gSt(el’ 92) = gSt(Gl) .glll2 .gZZt

3 Manipulator

ShGmeie Disadvantage: A coordinate frame needed for each link
kinematics 0 The product of exponentials formula:

Consider Fig 3.2.

02

01
Ly T
gg =

Figure 3.2: A two degree of freedom manipulator

(Continues next slide)




