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2.3 Rigid motion in R3

Exponential coordinates of SE(3):
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For ationx
p(t)=w x (p(t) -
Pl o -wxg p]

0 0 0 1
T S
or p=£-p = p(t) = ¢"p(0)
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Figure 2.13




Rigid Motion
in R®

2.3 Rigid motion in R3

Exponential coordinates of SE(3):
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For rotational motion:

p(t)=wx (p(t) - q)
ikl
0 0 0 1
orp=§-p = p(1) = ¢"5(0)
where %=1 + £t+ (52#')2 .

For translational motion:

p(t)=v

Figure 2.13
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2.3 Rigid motion in R3

I sheu(s) Hews {

Definition:

se(3) = { R¥4 v, we R3}
is called the twist space. ere exists a 1-1 correspondence
—

between se(3) and R, defined by A : R — se(3)
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2.3 Rigid motion in R3

Definition: X

se(3) :{[ 0 0 ]ER4X4 v,weR3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R®, defined by A : R® > se(3)

E=[ b ]~8=[§ §]
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Rigid Motion
in R®

Property 6: exp : se(3) - SE(3), £0 et
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2.3 Rigid motion in R3

34

Definition: X

se(3) :{[ 0 0 ]ER4X4 v,weR3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R®, defined by A : R® > se(3)

=l b ]~ ¢ ]

ng]:;%i Motion E(3)
o Property 6: exp : se(3) — SE(3), &0 v—>("$ J
Proof :
Let £=[ ¢ 4 ]
m Ifw:O,thenéZ: 53 :---:O,eée :[ (I) v19 ] € SE(3)
(continues next slide)
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2.3 Rigid motion in R3

m If wis not 0, assume ||w| = 1.

Define:

go=[(1) wi(v],é'=g51-é'go=[cg héo]
where h = wT - v.
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2.3 Rigid motion in R3
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p(0) =€ p(0) = gap() = €
If there is offset,

2a(0) = e¥0g,,(0)( Why?)

Rigid Motion
in R®

Figure 2.14
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2.3 Rigid motion in R3

Property 7: exp : se(3) — SE(3) is onto. . J
b : £6_
1ee., v‘;ese(s) , q peR 2eR g4 e .-02
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2.3 Rigid motion in R’
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\/
0 Screws, twists and screw motion:

Figure 2.15

Rigid Motion

in R’ Screw attributesl @[Pitch) h-= %(9=0,h= ),d=h-0
0) [Axis) [={q+ Aw|) e R}
: %
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2.3 Rigid motion in R’

38

0 Screws, twists and screw motion:

Figure 2.15

Rigid Motion

in R’ Screw attributesl Pitch: h= %(9=0,h= ), d=h-0

Axis:  I={q+ Aw|A e R}
Magnitude: =0

Definition:

A screw S consists of an axis [, pitch h, and magnitude M. A

screw motion is a rotation by 6 = M about [, followed by

translation by h0, parallel to [. If h = oo, then, translation

about vby 6 =M
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2.3 Rigid motion in R’

39
Corresponding g € SE(3):

g p=q+e¢(p-q)+hbw

g.[p ]:[ 6‘89 (I—ea‘)@%qmew ][11) ]:,

g=[ e?0 (I—e‘be%q+h9w ]

Rigid Motion
in R’
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2.3 Rigid motion in R’

39

Corresponding g € SE(3):
g p=q+e¢(p-q)+hbw
@0 Y
g,[zla]:[e (I-e %q+h9a)][11)]:>

0
_| e (I-e*Ng+hbw
g [ 0 1
On the other hand...
Rigid Motion . R .
in R’ R [ e’ (I-e*Nwxv+wwlvl ]
0 1

If we let v=—-w x g+ hw,then
(I-e*%)(=a’q) = (I~ ¢")(~ww'q +q) = (I -¢")q
Thus, eée =g
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2.3 Rigid motion in R’

39
Corresponding g € SE(3):

g p=q+e¢(p-q)+hbw

g,[zla ]:[ 6‘89 (I—e‘w%q+h9w ][11) ]:,

g=[ e (I-¢e°9)g+hbw ]
1

&0 _ [ e?9 (I-e°Nwxv+wwlvl ]
0 1

If we let v=—-w x g+ hw,then
(I-e*%)(=a’q) = (I~ ¢")(~ww'q +q) = (I -¢")q
Thus, eée =g

For pure rotation (h=0): {=(-wx g, w)

For pure translation: g = [ (I) v19 ] = ¢=(v,0), and eée =g



