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Exponential coordinates of SE(3):
For rotational motion:

ṗ(t)=ω × (p(t) − q)
[ ṗ
0 ]=[ ω̂ −ω × q

0 0 ] [ p
1 ]

or ṗ=ξ̂ ⋅ p⇒ p(t) = eξ̂tp(0)
where eξ̂t=I + ξ̂t + (ξ̂t)22! +⋯

Figure 2.13
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ṗ(t)

q
A



Chapter
2 Rigid Body
Motion

Rigid Body
Transforma-
tions

Rotational
motion in R

3

Rigid Motion
in R

3

Velocity of a
Rigid Body

Wrenches and
Reciprocal
Screws

Reference

2.3 Rigid motion in R3
Chapter 2 Rigid Body Motion

33

Exponential coordinates of SE(3):
For rotational motion:
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For translational motion:
ṗ(t)=v

[ ṗ(t)
0 ]=[ 0 v

0 0 ] [ p
1 ]

ṗ(t)=ξ̂ ⋅ p(t) ⇒ p(t) = eξ̂tp(0)
ξ̂=[ 0 v

0 0 ]
p(0)
p(t)
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Definition:
se(3) = {[ ω̂ v

0 0 ] ∈ R4×4∣ v,ω ∈ R3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R

6, defined by ∧ ∶ R6 ↦ se(3)
ξ ∶= [ vω ] ↦ ξ̂ = [ ω̂ v

0 0 ]
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Definition:
se(3) = {[ ω̂ v

0 0 ] ∈ R4×4∣ v,ω ∈ R3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R

6, defined by ∧ ∶ R6 ↦ se(3)
ξ ∶= [ vω ] ↦ ξ̂ = [ ω̂ v

0 0 ]
Property 6: exp ∶ se(3) ↦ SE(3), ξ̂θ ↦ eξ̂θ
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Definition:
se(3) = {[ ω̂ v

0 0 ] ∈ R4×4∣ v,ω ∈ R3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R

6, defined by ∧ ∶ R6 ↦ se(3)
ξ ∶= [ vω ] ↦ ξ̂ = [ ω̂ v

0 0 ]
Property 6: exp ∶ se(3) ↦ SE(3), ξ̂θ ↦ eξ̂θ

Proof :
Let ξ̂ = [ ω̂ v

0 0 ]
If ω = 0, then ξ̂2 = ξ̂3 = ⋯ = 0, eξ̂θ = [ I vθ

0 1 ] ∈ SE(3)
(continues next slide)
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If ω is not 0, assume ∥ω∥ = 1.

Define:
g0 = [ I ω × v

0 1 ] , ξ̂′ = g−10 ⋅ ξ̂ ⋅ g0 = [ ω̂ hω
0 0 ]

where h = ωT ⋅ v.
eξ̂θ = eg0 ⋅ξ̂′⋅g−10 = g0 ⋅ eξ̂′θ ⋅ g−10

and as

ξ̂′2 = [ ω̂2 0
0 0 ] , ξ̂′3 = [ ω̂3 0

0 0 ]
we have

eξ̂
′θ = [ eω̂θ hωθ

0 1 ] ⇒ eξ̂θ = [ eω̂θ (I − eω̂θ)ω̂v + ωωTvθ
0 1 ]
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p(θ) = eξ̂θ ⋅ p(0) ⇒ gab(θ) = eξ̂θ

If there is offset,

gab(θ) = eξ̂θgab(0)(Why?)
ω

θ

B

B′

Agab(0)

eξ̂θ

Figure 2.14
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Property 7: exp ∶ se(3) ↦ SE(3) is onto.
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◻ Screws, twists and screw motion:

Figure 2.15
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Screw attributes Pitch: h = d
θ (θ = 0, h = ∞), d = h ⋅ θ

Axis: l = {q + λω∣λ ∈ R}
Magnitude: M = θ
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◻ Screws, twists and screw motion:

Figure 2.15

x y

z
θ

ω
q

p

d

Screw attributes Pitch: h = d
θ (θ = 0, h = ∞), d = h ⋅ θ

Axis: l = {q + λω∣λ ∈ R}
Magnitude: M = θ

Definition:
A screw S consists of an axis l, pitch h, and magnitude M. A
screw motion is a rotation by θ =M about l, followed by
translation by hθ, parallel to l. If h = ∞, then, translation
about v by θ =M
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Corresponding g ∈ SE(3):
g ⋅ p = q + eω̂θ(p − q) + hθω

g ⋅ [ p
1 ] = [ eω̂θ (I − eω̂θ)q + hθω

0 1 ] [ p
1 ] ⇒

g = [ eω̂θ (I − eω̂θ)q + hθω
0 1 ]
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Corresponding g ∈ SE(3):
g ⋅ p = q + eω̂θ(p − q) + hθω

g ⋅ [ p
1 ] = [ eω̂θ (I − eω̂θ)q + hθω

0 1 ] [ p
1 ] ⇒

g = [ eω̂θ (I − eω̂θ)q + hθω
0 1 ]

On the other hand...

eξ̂θ = [ eω̂θ (I − eω̂θ)ω × v + ωωTvθ
0 1 ]

If we let v = −ω × q + hω, then
(I − eω̂θ)(−ω̂2q) = (I − eω̂θ)(−ωωTq + q) = (I − eω̂θ)q

Thus, eξ̂θ = g
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Corresponding g ∈ SE(3):
g ⋅ p = q + eω̂θ(p − q) + hθω

g ⋅ [ p
1 ] = [ eω̂θ (I − eω̂θ)q + hθω

0 1 ] [ p
1 ] ⇒

g = [ eω̂θ (I − eω̂θ)q + hθω
0 1 ]

On the other hand...

eξ̂θ = [ eω̂θ (I − eω̂θ)ω × v + ωωTvθ
0 1 ]

If we let v = −ω × q + hω, then
(I − eω̂θ)(−ω̂2q) = (I − eω̂θ)(−ωωTq + q) = (I − eω̂θ)q

Thus, eξ̂θ = g
For pure rotation (h = 0): ξ = (−ω × q,ω)
For pure translation: g = [ I vθ

0 1 ], ⇒ ξ = (v, 0), and eξ̂θ = g


