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0 Other Parametrizations of SO(3):

m XYZ fixed angles (or Roll-Pitch-Yaw angle)

Rotational
. : 3
motion in R

Figure 2.8

(continues next slide)
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m XYZ fixed angles (or Roll-Pitch-Yaw angle) Continued

X [ 1 0 0 ]
Ri(p):=e%=| 0 cosg —sing
| 0 sing cos¢ |
N cos@ 0 sinf
Rom.tiol}al . Ry(e) = eye = 0 1 O
motion in R - sin 9 0 cos 0
, [ cosy —siny 0O
R,(y):=¢VY = SiI(l)l// cogt// 0
1

Rab = Rx(‘/))Ry(e)Rz(l/’)
CoCy —CoSy S9
= SpSeCy + CoSy  —SpSgSy t CoCy  —SeCh
—CpSeCy + SpSy  CoSgSy + SeCy CyCh
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Figure 2.9
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m ZYX Euler angle
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Figure 2.9

R, = RZ((X) Rygr = Ry(ﬁ)
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2.2 Rotational Motion in

m ZYX Euler angle
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Figure 2.9

Ra/all = Ry(ﬁ) Ra"b = Rx('y)

Rop = Rz(“)Ry(ﬁ)Rx()’)
(continues next slide)

Raa’ = RZ(OC)
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2.2 Rotational Motion in R3

m ZYX Euler angle (continued)
CaCB  —SaCy + CaSBSy  SaSy + CaSBCy
SaCB  CaCy +SaSpSy  —CaSy + SaSpCy
- CpSy CRCy

Rap(a, B, y) = [

Note: When 8 = 7, cos f = 0, a + y = const = singularity!

Rotational

24

. : 3
motion in R

1
atan2(y, x
B = atan2(—r3, \/ 1’%2 + 1'%3) ()/)\ /;

o = atan2(ry/cg, ri/cp)

y = atan2(rs/cg, 133/cp) -1

Figure 2.10
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Ouaternions to the Rescue


Quaternions to the Rescue


Hamilton’s Walk
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§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Rotational
. : 3
motion in R
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2.2 Rotational Motion in R3

25

§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Rotational ||Q||2 = QQ* = qoz 4 q12 + q22 + q32

. : 3
motion in R

Property 1: Define Q* = (q0,9)* = (q0-—9)-90 € R,q € R® J




Chapter 2 Rigid Body Motion

2.2 Rotational Motion in R3

25

§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Property 1: Define Q* = (q0,9)* = (q0-—9)-90 € R,q € R®
Rotational ||Q||2 = QQ* = qoz 4 q12 + q22 + q32

. : 3
motion in R

Property 2: Q= (q0,9),P = (po,p)
QP = (gopo =4 P> qop + Poq + 9 < p)




Chapter 2 Rigid Body Motion

2.2 Rotational Motion in R3

25

§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Property 1: Define Q* = (q0,9)* = (90> —9)>q0 € R, q € R®
Rotational ”Q”Z = QQ* = qu 4 q12 + qzz + q32

. : »3
motion in R

Property 2: Q= 1(q0,9),P = (po,p)
QP = (gopo =4 P> qop + Poq + 9 < p)
Property 3: (a) The set of unit quaternions forms a group
) 0 0
(b) If R=¢%? then Q = (cos > w sin E)
(c) Q acts on x € R? by QXQ*, where X = (0,x)
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O Unit Quaternions:
Given Q = (90,9)>90 € R, g € R3, the vector part of QXQ* is
given by R(Q)x, recall that

qo = cos%,q = wsin%
and the Rodrigues’ formula:
e =T+ @sinf + ®>(1-cos )

Rotational

motion in R? then

R(Q) =1+2qog + 24
1-2(q3+4q3) —29095 +2q192 249092 + 29195
=| 29095 +2q:1q> 1-2(q; +q3) —2qoqi + 24295
~2q0q2 + 29195 2qoq1 + 29295 1-2(q; +q3)

where [Q[ £ g5 +q7 +q; + 43 =1
(continues next slide)
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O Quaternions (continued):
Conversion from Roll-Pitch-Yaw angle to unit quaternions:

4 |4

Q = (cos E,xsin g)(cos g,ysin g)(cos E,zsin %) =

AL N N

Rotational qo = COS — COS — €OS — — sin — sin — sin —

motion in R? 2 2 2 2 2 2
0 0

cos b sin — ‘/f + sin — cos — COs hd

2 2 2 2

qg=1| cos b sin — 1// —sin — Ld cos — 1//

2 2 2 2

cos ¢ COSs — sin — id + sin L sin — cos E

2 2 2 2 2 2

Conversion from unit quaternions to roll-pitch-yaw angles (?)

+ End of Section t
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q

Rigid Motion

in R’ Figure 2.11
pap € R® 1 Coordinates of the origin of B
Ry, € SO(3) = Orientation of B relative to A
SE(3) : {(p,R)|p e R*,Re SO(3)} : Configuration Space
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2.3 Rigid motion in R3

28

q

Rigid Motion

in R’ Figure 2.11
pap € R® 1 Coordinates of the origin of B
Ry, € SO(3) = Orientation of B relative to A
SE(3) : {(p,R)|p e R*,Re SO(3)} : Configuration Space
Or...as a transformation:
8ab = (pah’Rah) R’ R’
db = qa = Pab + Rap - G
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Rigid Motion in B>

= SE(3)
= As a Configuration Space
[ = Homogeneous Representation |

= SE(3) is a Group

= SE(3) is a Rigid Body Transformation
Ll Exponential coordinates of SE(3)

= Twists

= se(3)

= The Exponential Map
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O Homogeneous Representation:
Points:

o= i = = =-| & |

Rigid Motion
in R®



Rigid Motion
in R®

Chapter 2 Rigid Body Motion

2.3 Rigid motion in R3

O Homogeneous Representation:

Points:

| & 3

a=| § |ex
Vectors:

_ [ Bz [n
v-p-a=[ B8 ][ B ]

29

-_— a=[ %% ]GR“
—>




Chapter 2 Rigid Body Motion

2.3 Rigid motion in R3

29

O Homogeneous Representation:
Points:

] = [f]
=

Vectors:

1-q1 "
ver-a=[ foh <[ % ]

Rigid Motion
in R®

Point-Point = Vector
Vector+Point = Point
Vector+Vector = Vector

Point+Point: Meaningless

(continues next slide)
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da = Pab t Rap - qv 8ab = (Pub’Rub) I
[ T-0 % A 0] ﬂ
_j,—/
8ab
90 =8av" Dy B = [ Rgb Pizh ]

Rigid Motion
in R®


b
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2.3 Rigid motion in R3

30

da = Pab + Rap - qp 8ab = (Pab> Rav) I

(4 ]-[ % e ][] !
—
&ab
qazgab'qb g’ah:[ R(tjlb pilh ]

0 Composition Rule:

8ab ﬁC e
qb = gbc : qc )< B
A C

4y =8a "

Rigid Motion
in R®

Figure 2.12
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2.3 Rigid motion in R3

30

da = Pab + Rap - qp 8ab = (Pab> Rav) I

(4 ]-[ % e ][] !
—
&ab
qazgab'qb g’ah:[ R(tjlb pilh ]

0 Composition Rule:

8ab kgbc
qa :gub 'qb = gab 'gbc 'qc A 8ac ¢
——

Zac Figure 2.12
[ Ralebc Rabpbi"'Pub ]

Rigid Motion
in R®

Euc :guh 'gbc =
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O Special Euclidean Group:
sEG) ={| Rp | e R™|p e R, RESO()}

Rigid Motion
in R”



Chapter 2 Rigid Body Motion

2.3 Rigid motion in R3

31

O Special Euclidean Group:
sEG) ={[ Rp | e R pe R, Re50O(3)}

Property 4: SE(3) forms a group. J

Rigid Motion
in R®



Chapter 2 Rigid Body Motion

2.3 Rigid motion in R3

31

O Special Euclidean Group:
sEG) ={[ Rp | e R pe R, Re50O(3)}

Property 4: SE(3) forms a group. J

Proof :
Rigid Motion
in R®

B g% <SE(3)
e=1
. T _pT
@) 1=[ R =R'p ]
Associativity: Follows from property of matrix
multiplication O
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Chapter 2 Rigid Body Motion

2.3 Rigid motion in R3

§ Induced transformation on vectors:

V1 R Vi
T/=s—r=[ 505 ]’E*‘_’:?S_E’:[ 0 11)][ ‘1;0% ]:[ %V]

The bar will be dropped to simplify notations

Rigid Motion

inR? Property 5: An element of SE(3) is a rigid transformation. J
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Rigid Motion in R?
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= As a Configuration Space
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2.3 Rigid motion in R3

Exponential coordinates of SE(3):

For rotational motion:

p(t)=w x (p(t) - q)
His
0 0 0 1
orp=£-p=p(t) = effﬁ<o>
(Et)

Rigid Moti
s en where eb'=T + &t +

Figure 2.13



2.3 Rigid motion in R3

Exponential coordinates of SE(3):

Chapter 2 Rigid Body Motion

For rotational motion:
p(t)=w = (p(t) - q)
[ plfe -wexq][p ]

0 0 0 1
orp=E-p = B(t) = ¢5(0)
.. . £ A 2
Rigid Motion where e%'=I + &t + % + e
For trgnslational motion:
p(t)=v

Y H T
0 0 0 1 )
p(t)=E-p(t) = p(t) = ep(0)
s 0 v
E‘[o 0

Figure 2.13
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2.3 Rigid motion in R3

Definition: X

se(3) :{[ ‘(‘)) 6 ]ER4X4 v,weR3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R®, defined by A : R® > se(3)

E=[o]-E=[9 §]

34

Rigid Motion
in R®
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2.3 Rigid motion in R3

Definition: X

se(3) :{[ 0 0 ]ER4X4 v,weR3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R®, defined by A : R® > se(3)

E=[ b ]~8=[§ §]

34

Rigid Motion
in R®

Property 6: exp : se(3) - SE(3), £0 et
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2.3 Rigid motion in R3

34

Definition: X

se(3) :{[ 0 0 ]ER4X4 v,weR3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R®, defined by A : R® > se(3)

=l b ]~ ¢ ]

Rigigi Motion . .
i Property 6: exp : se(3) — SE(3), £0 — e%? J
Proof :
Let £=[ ¢ 4 ]
m Ifw:O,thenéZ: 53 :---:O,eée :[ (I) v19 ] € SE(3)
(continues next slide)
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2.3 Rigid motion in R3

m If wis not 0, assume ||w| = L.

Define: ) ) X
go=[(1) wi(v],f'=g51-f'go=[%) héo]

where h= 0T - v.

Rigid Motion and as

in R” A A2 A A3
{/2:[% 8]’513:[0‘()) 8]
we have ) ) .
R ege hci)O ] — %0 _ [ e‘(‘)’e (I- e“’e)d)lv+ wwTvl ]

[
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p(0) =€ p(0) = gap() = €
If there is offset,

2a(0) = e¥0g,,(0)( Why?)

Rigid Motion
in R®

Figure 2.14
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Property 7: exp : se(3) — SE(3) is onto.

Rigid Motion
in R®



2.3 Rigid motion in R3

Property 7: exp : se(3) — SE(3) is onto.

Chapter 2 Rigid Body Motion

Proof :
Let g = (p,R),ReSO(3),p e R?
Case 1:  (R=1) Let

0

Rigid Motion
in R®

i[O ]e=lpl =t =g=[ £ 2]
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2.3 Rigid motion in R3

Property 7: exp : se(3) — SE(3) is onto.
Proof :

Let g = (p,R),ReSO(3),p e R?
Case 1:  (R=1) Let

s [0 & fo _

=9 | e-tel=e-g-[ §
Case 2:  (R=#1I)
5 w0 wG R
656:[60 (1- )(w>1<v)+ww 1/0] [O 117]

3{ e(f)@ :R
(I- e“’e)(a) X V) + wwTve =p

Solve for w@ from previous section. Let A = (I —e®%)é + ww0,
Av =p. Claim:

il

Rigid Motion
in R®

A=(I-e")o+wwT0:= A+ Ay
kerAjnkerA; = ¢ =v=A"p

£0 € R°: Exponential coordinates of g € SE(3)
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