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◻ Other Parametrizations of SO(3):
XYZ fixed angles (or Roll-Pitch-Yaw angle)

x

y

z

ψ-Yaw

Roll-φ

θ-Pitch

Figure 2.8

(continues next slide)
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XYZ fixed angles (or Roll-Pitch-Yaw angle) Continued

Rx(φ) ∶= ex̂φ = [ 1 0 0
0 cosφ − sin φ
0 sin φ cos φ

]
Ry(θ) ∶= eŷθ = [ cos θ 0 sin θ

0 1 0− sin θ 0 cos θ
]

Rz(ψ) ∶= eẑψ = [ cosψ − sinψ 0
sinψ cosψ 0
0 0 1

]
Rab = Rx(φ)Ry(θ)Rz(ψ)

= [ cθcψ −cθsψ sθsφsθcψ + cφsψ −sφsθsψ + cφcψ −sφcθ−cφsθcψ + sφsψ cφsθsψ + sφcψ cφcθ
]
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ZYX Euler angle

Figure 2.9

A
A′ A′′

B

x y

z



Chapter
2 Rigid Body
Motion

Rigid Body
Transforma-
tions

Rotational
motion in R

3

Rigid Motion
in R

3

Velocity of a
Rigid Body

Wrenches and
Reciprocal
Screws

Reference

2.2 Rotational Motion in R3
Chapter 2 Rigid Body Motion

23

ZYX Euler angle

Figure 2.9
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ZYX Euler angle

Figure 2.9
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ZYX Euler angle

Figure 2.9

A
A′ A′′

B

x y

z

x′
y′

(z′)

α

Raa′ = Rz(α)

x′
y′

z′

x′′

(y′′)

z′′

β

Ra′a′′ = Ry(β)
x′′

y′′

z′′

(x′′′)

y′′′

z′′′

γ

Ra′′b = Rx(γ)
Rab = Rz(α)Ry(β)Rx(γ)

(continues next slide)
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ZYX Euler angle (continued)

Rab(α , β, γ) = [ cαcβ −sαcγ + cαsβsγ sαsγ + cαsβcγ
sαcβ cαcγ + sαsβsγ −cαsγ + sαsβcγ−sβ cβsγ cβcγ

]
Note: When β = π

2 , cos β = 0, α + γ = const⇒ singularity!

β = atan2(−r31 ,√r232 + r233)
α = atan2(r21/cβ , r11/cβ)
γ = atan2(r32/cβ , r33/cβ)

1

1−1 x

y

atan2(y, x)

Figure 2.10
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§ Quaternions:

Q = q0 + q1i + q2j + q3k
where i2 = j2 = k2 = −1, i ⋅ j = k, j ⋅ k = i, k ⋅ i = j
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§ Quaternions:

Q = q0 + q1i + q2j + q3k
where i2 = j2 = k2 = −1, i ⋅ j = k, j ⋅ k = i, k ⋅ i = j

Property 1: Define Q∗ = (q0 , q)∗ = (q0,−q), q0 ∈ R, q ∈ R3

∥Q∥2 = QQ∗ = q02 + q12 + q22 + q32
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§ Quaternions:

Q = q0 + q1i + q2j + q3k
where i2 = j2 = k2 = −1, i ⋅ j = k, j ⋅ k = i, k ⋅ i = j

Property 1: Define Q∗ = (q0 , q)∗ = (q0,−q), q0 ∈ R, q ∈ R3

∥Q∥2 = QQ∗ = q02 + q12 + q22 + q32

Property 2: Q = (q0 , q), P = (p0 , p)
QP = (q0p0 − q ⋅ p, q0p + p0q + q × p)
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§ Quaternions:

Q = q0 + q1i + q2j + q3k
where i2 = j2 = k2 = −1, i ⋅ j = k, j ⋅ k = i, k ⋅ i = j

Property 1: Define Q∗ = (q0 , q)∗ = (q0,−q), q0 ∈ R, q ∈ R3

∥Q∥2 = QQ∗ = q02 + q12 + q22 + q32

Property 2: Q = (q0 , q), P = (p0 , p)
QP = (q0p0 − q ⋅ p, q0p + p0q + q × p)

Property 3: (a) The set of unit quaternions forms a group

(b) If R = eω̂θ , then Q = (cos θ
2
,ω sin θ

2
)

(c) Q acts on x ∈ R3 by QXQ∗, where X = (0, x)
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◻ Unit Quaternions:
Given Q = (q0, q), q0 ∈ R, q ∈ R3, the vector part of QXQ∗ is
given by R(Q)x, recall that

q0 = cos θ
2 , q = ω sin θ

2
and the Rodrigues’ formula:

eω̂θ = I + ω̂ sin θ + ω̂2(1 − cos θ)
then

R(Q) = I + 2q0q̂ + 2q̂2

=
⎡⎢⎢⎢⎢⎣

1 − 2(q22 + q23) −2q0q3 + 2q1q2 2q0q2 + 2q1q3
2q0q3 + 2q1q2 1 − 2(q21 + q23) −2q0q1 + 2q2q3−2q0q2 + 2q1q3 2q0q1 + 2q2q3 1 − 2(q21 + q22)

⎤⎥⎥⎥⎥⎦
where ∥Q∥ ≜ q20 + q21 + q22 + q23 = 1

(continues next slide)
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◻ Quaternions (continued):
Conversion from Roll-Pitch-Yaw angle to unit quaternions:

Q = (cos φ
2
, x sin φ

2
)(cos θ

2
, y sin θ

2
)(cos ψ

2
, z sin ψ

2
) ⇒

q0 = cos φ
2
cos θ

2
cos ψ

2
− sin φ

2
sin θ

2
sin ψ

2

q =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos φ
2
sin θ

2
sin ψ

2
+ sin φ

2
cos θ

2
cos ψ

2
cos φ

2
sin θ

2
cos ψ

2
− sin φ

2
cos θ

2
sin ψ

2
cos φ

2
cos θ

2
sin ψ

2
+ sin φ

2
sin θ

2
cos ψ

2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Conversion from unit quaternions to roll-pitch-yaw angles (?)

† End of Section †
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A

x y

z

B

q
qb

pab

qa

Figure 2.11

pab ∈ R3 ∶ Coordinates of the origin of B
Rab ∈ SO(3) ∶ Orientation of B relative to A
SE(3) ∶ {(p,R)∣p ∈ R3,R ∈ SO(3)} ∶ Configuration Space
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A

x y

z

B

q
qb

pab

qa

Figure 2.11

pab ∈ R3 ∶ Coordinates of the origin of B
Rab ∈ SO(3) ∶ Orientation of B relative to A
SE(3) ∶ {(p,R)∣p ∈ R3,R ∈ SO(3)} ∶ Configuration Space

Or...as a transformation:
gab = (pab ,Rab) ∶ R3 ↦ R

3

qb ↦ qa = pab + Rab ⋅ qb
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◻ Homogeneous Representation:
Points:

q = [ q1q2q3
] ∈ R3 q =

⎡⎢⎢⎢⎢⎣
q1q2q3
1

⎤⎥⎥⎥⎥⎦
∈ R4
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◻ Homogeneous Representation:
Points:

q = [ q1q2q3
] ∈ R3 q =

⎡⎢⎢⎢⎢⎣
q1q2q3
1

⎤⎥⎥⎥⎥⎦
∈ R4

Vectors:

v = p − q = [ p1 − q1p2 − q2p3 − q3 ] = [
v1v2v3 ] v = p−q =

⎡⎢⎢⎢⎢⎣
p1p2p3
1

⎤⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎣

q1q2q3
1

⎤⎥⎥⎥⎥⎦
= [ v1v2v3

0
]
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◻ Homogeneous Representation:
Points:

q = [ q1q2q3
] ∈ R3 q =

⎡⎢⎢⎢⎢⎣
q1q2q3
1

⎤⎥⎥⎥⎥⎦
∈ R4

Vectors:

v = p − q = [ p1 − q1p2 − q2p3 − q3 ] = [
v1v2v3 ] v = p−q =

⎡⎢⎢⎢⎢⎣
p1p2p3
1

⎤⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎣

q1q2q3
1

⎤⎥⎥⎥⎥⎦
= [ v1v2v3

0
]

1 Point-Point = Vector
2 Vector+Point = Point
3 Vector+Vector = Vector
4 Point+Point: Meaningless

(continues next slide)
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qa = pab + Rab ⋅ qb

[ qa
1 ] = [ Rab pab

0 1 ]/00000000000000000000000000001000000000000000000000000000002
gab

[ qab
1 ]

qa = gab ⋅ qb

gab = (pab ,Rab)

gab = [ Rab pab
0 1 ]

b
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qa = pab + Rab ⋅ qb

[ qa
1 ] = [ Rab pab

0 1 ]/00000000000000000000000000001000000000000000000000000000002
gab

[ qab
1 ]

qa = gab ⋅ qb

gab = (pab ,Rab)

gab = [ Rab pab
0 1 ]

◻ Composition Rule:

gab gbc

A

B

C

Figure 2.12

qb = gbc ⋅ qc
qa = gab ⋅ qb
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qa = pab + Rab ⋅ qb

[ qa
1 ] = [ Rab pab

0 1 ]/00000000000000000000000000001000000000000000000000000000002
gab

[ qab
1 ]

qa = gab ⋅ qb

gab = (pab ,Rab)

gab = [ Rab pab
0 1 ]

◻ Composition Rule:

gab gbc

A

B

C

Figure 2.12

qb = gbc ⋅ qc
qa = gab ⋅ qb = gab ⋅ gbc/000000001000000002

gac

⋅qc
gac = gab ⋅ gbc = [ RabRbc Rabpbc + pab

0 1 ]
gac
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◻ Special Euclidean Group:

SE(3) = {[ R p
0 1 ] ∈ R4×4∣p ∈ R3,R ∈ SO(3)}
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◻ Special Euclidean Group:

SE(3) = {[ R p
0 1 ] ∈ R4×4∣p ∈ R3,R ∈ SO(3)}

Property 4: SE(3) forms a group.
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◻ Special Euclidean Group:

SE(3) = {[ R p
0 1 ] ∈ R4×4∣p ∈ R3,R ∈ SO(3)}

Property 4: SE(3) forms a group.

Proof :

1 g1 ⋅ g2 ∈ SE(3)
2 e = I4
3 (g)−1 = [ RT −RTp

0 1 ]
4 Associativity: Follows from property of matrix
multiplication
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§ Induced transformation on vectors:

v = s − r = [ v1v2v30
] , g∗v = gs − gr = [ R p

0 1 ] [
v1v2v30

] = [ Rv
0 ]

The bar will be dropped to simplify notations

Property 5: An element of SE(3) is a rigid transformation.
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Exponential coordinates of SE(3):
For rotational motion:

ṗ(t)=ω × (p(t) − q)
[ ṗ
0 ]=[ ω̂ −ω × q

0 0 ] [ p
1 ]

or ṗ=ξ̂ ⋅ p⇒ p(t) = eξ̂tp(0)
where eξ̂t=I + ξ̂t + (ξ̂t)22! +⋯

Figure 2.13

ω

p(0) p(t)

ṗ(t)

q
A
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Exponential coordinates of SE(3):
For rotational motion:

ṗ(t)=ω × (p(t) − q)
[ ṗ
0 ]=[ ω̂ −ω × q

0 0 ] [ p
1 ]

or ṗ=ξ̂ ⋅ p⇒ p(t) = eξ̂tp(0)
where eξ̂t=I + ξ̂t + (ξ̂t)22! +⋯

Figure 2.13

ω

p(0) p(t)

ṗ(t)

q
A

For translational motion:
ṗ(t)=v

[ ṗ(t)
0 ]=[ 0 v

0 0 ] [ p
1 ]

ṗ(t)=ξ̂ ⋅ p(t) ⇒ p(t) = eξ̂tp(0)
ξ̂=[ 0 v

0 0 ]
p(0)
p(t)

ṗ(t)
v

A
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Definition:
se(3) = {[ ω̂ v

0 0 ] ∈ R4×4∣ v,ω ∈ R3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R

6, defined by ∧ ∶ R6 ↦ se(3)
ξ ∶= [ vω ] ↦ ξ̂ = [ ω̂ v

0 0 ]
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Definition:
se(3) = {[ ω̂ v

0 0 ] ∈ R4×4∣ v,ω ∈ R3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R

6, defined by ∧ ∶ R6 ↦ se(3)
ξ ∶= [ vω ] ↦ ξ̂ = [ ω̂ v

0 0 ]
Property 6: exp ∶ se(3) ↦ SE(3), ξ̂θ ↦ eξ̂θ
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Definition:
se(3) = {[ ω̂ v

0 0 ] ∈ R4×4∣ v,ω ∈ R3}
is called the twist space. There exists a 1-1 correspondence
between se(3) and R

6, defined by ∧ ∶ R6 ↦ se(3)
ξ ∶= [ vω ] ↦ ξ̂ = [ ω̂ v

0 0 ]
Property 6: exp ∶ se(3) ↦ SE(3), ξ̂θ ↦ eξ̂θ

Proof :
Let ξ̂ = [ ω̂ v

0 0 ]
If ω = 0, then ξ̂2 = ξ̂3 = ⋯ = 0, eξ̂θ = [ I vθ

0 1 ] ∈ SE(3)
(continues next slide)
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If ω is not 0, assume ∥ω∥ = 1.

Define:
g0 = [ I ω × v

0 1 ] , ξ̂′ = g−10 ⋅ ξ̂ ⋅ g0 = [ ω̂ hω
0 0 ]

where h = ωT ⋅ v.
eξ̂θ = eg0 ⋅ξ̂′⋅g−10 = g0 ⋅ eξ̂′θ ⋅ g−10

and as

ξ̂′2 = [ ω̂2 0
0 0 ] , ξ̂′3 = [ ω̂3 0

0 0 ]
we have

eξ̂
′θ = [ eω̂θ hωθ

0 1 ] ⇒ eξ̂θ = [ eω̂θ (I − eω̂θ)ω̂v + ωωTvθ
0 1 ]
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p(θ) = eξ̂θ ⋅ p(0) ⇒ gab(θ) = eξ̂θ

If there is offset,

gab(θ) = eξ̂θgab(0)(Why?)
ω

θ

B

B′

Agab(0)

eξ̂θ

Figure 2.14
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Property 7: exp ∶ se(3) ↦ SE(3) is onto.
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Property 7: exp ∶ se(3) ↦ SE(3) is onto.

Proof :
Let g = (p,R),R ∈ SO(3), p ∈ R3

Case 1: (R = I) Let

ξ̂ = [ 0 p∥p∥
0 0

] , θ = ∥p∥ ⇒ eξ̂θ = g = [ I p
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Property 7: exp ∶ se(3) ↦ SE(3) is onto.

Proof :
Let g = (p,R),R ∈ SO(3), p ∈ R3

Case 1: (R = I) Let

ξ̂ = [ 0 p∥p∥
0 0

] , θ = ∥p∥ ⇒ eξ̂θ = g = [ I p
0 1 ]

Case 2: (R ≠ I)
eξ̂θ = [ eω̂θ (I − eω̂θ)(ω × v) + ωωTvθ

0 1 ] = [ R p
0 1 ]

⇒ { eω̂θ = R(I − eω̂θ)(ω × v) + ωωTvθ = p
Solve for ωθ from previous section. Let A = (I − eω̂θ)ω̂ + wwTθ,
Av = p. Claim:

A = (I − eω̂θ)ω̂ +wwTθ ∶= A1 + A2
kerA1 ∩ kerA2 = ϕ⇒ v = A−1p

ξθ ∈ R6: Exponential coordinates of g ∈ SE(3)
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