Last Time

Chapter 2 Rigid Body
Motion

Rigid Body Transformations

Length Preserving: |lg(p) — g()I| = llp — qll
Orientation Preserving: g.(v X w) = g,(v) X g.(w)

Rotational motion in R?

Rotation Matrix
= Represents configuration
Represents (rotational) transformation
Rotation Matrices with matrix multiplication form a Group
Rotational Transformation is a Rigid Body Transformation
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12

O Parametrization of SO(3) (the
exponential coordinate):

¢ Review: S!' = {z e C||z| =1}

Euler's Formula

“One of the most remarkable, al-
most astounding, formulas in all
of mathematics.”

Rotational
PR
motion in R

R. Feynman

Figure 2.4
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O Parametrization of SO(3) (the
exponential coordinate):

¢ Review: S!' = {z e C||z| =1}

Euler's Formula

“One of the most remarkable, al-
most astounding, formulas in all
of mathematics.”

Rotational
PR
motion in R

R. Feynman

Figure 2.4
¢ Review:
{x(t) = ax(t)

x(0) = xo

= x(t) = e xg

V.

(Continues next slide)
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i T 113
ReSO(3),R= [ m T 123 ]
31 132 133
0, i#j )
rittj= 7 < 6 constraints
1, i=j
= 3 independent parameters!

Rotational
. : 3
motion in R
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2.2 Rotational Motion in R3

i T 113
ReSO(3),R= [ m T 123 ]
31 132 133
0, i#j )
rittj= 7 < 6 constraints
1, i=j
= 3 independent parameters!

Consider motion of a point g on a rotating link

Rotational
motion in R? q(t) =W X q(t) — d)q(t) Figure 25
q(0): Initial coordinates
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= 3 independent parameters!

Consider motion of a point g on a rotating link

Rotational
motion in R? q(t) =W X q(t) — d)q(t) Figure 25
q(0): Initial coordinates

(@0)° (a°

= q(t) = %' gy where e = T + it + 0 3
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2.2 Rotational Motion in R3

m T2 13
ReSO(3),R= [ m T 123 ]
31 132 133
0, i#j .
riorj= 7 < 6 constraints
1, i=j

= 3 independent parameters!

Consider motion of a point g on a rotating link

Rotational
q(t) = wx q(t) = dq(t) Figure 2.5
q(0): Initial coordinates

at)? (o)

By the definition of rigid transformation, R(w,0) = e??. Let
50(3) = {&|w € R3} or so(n) = {S € R™"|ST = —S} where A :
R~ 50(3) : w = @, we have:

= q(t) = %' gy where e = T + it +

Property 3: exp:so(3) ~ SO(3), ®0  e*? J
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Rodrigues’ formula (|w| =1):
e®9 =T+ @sin O + @*(1- cos )

Rotational
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motion in R
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Rodrigues’ formula (|w| =1):
e®9 =T+ @sin O + @*(1- cos )
Proof :
Let a € R3, write
a
a=wb,w=—/_(or||w|=1),and 0 = |a|
Rotational H a ” 2 3
motion in R? N " 6 2 6
ewG:I+d)0+M+M+...
2! 3!
As a* = aa® - |a|?Ld = —|al*a
we have:
, 6 6° 6> o
=l (0-—+ =)o+ (= - —+-)0°
3t 5! 20 4l
=T+ dsin 6+ &*(1-cos )
[
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Rodrigues’ formula for |w|| # 1:

,2
50 [( w
e’ =I+msm”w”0+W(l—cos”w”@)

Rotational
.3
motion in R
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Rodrigues’ formula for |w|| # 1:
A A2
. w w
e?? =T+ —sin|w|0+ ——(1-cos |w]6)
|| |l

Proof for Property 3:
Rotational Let R B ewG, then:

. : 3
motion in R

(ed)e)fl _ 67(2)9 _ e(i)TG _ (ed)O)T
= R'=RT = RTR=1= detR = 1

From detexp(0) =1, and the continuity of det function w.r.t. 6,
we have dete®® =1,V0 ¢ R L
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2.2 Rotational Motion in R3

Property 4: The exponential map is onto.

Proof :
Given R € SO(3), to show Jw € R?, |w| =1 and 6 s.t. R = ¢??
Let
m T2 13
R:[ 1 122 123 ]
31 133 133

Rotational

motion in R?
and
vg=1-cosB,cg=cosB,sg=sinb

By Rodrigues’ formula [ =+ dsin@ + @*(1 -~ cos @)

w1ws3Vg + WSy

20 w%ve + Cp wW1WaVe — W3Sy
e’ = w17 Ve + W3Sy w%v@ + Co wrws3Vg — W1Sg
woW3Vg + W1Sp w§V9 + Cp

W1W3Vg — W2Sg

(continues next slide)f
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2.2 Rotational Motion in R3

Taking the trace of both sides,

3
tr(R) = +rpn+r;3=1+2cos0 = Z’\i
i=1

where A; is the eigenvalue of R,i=1,2,3

Rotational

motion in R? Case 1: tr(R) =3 o0orR= I, 0 =0 a)@ =0

17
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Taking the trace of both sides,

3
tr(R) =m +rn+r3=1+2cosf = Z’\i
i=1

where A; is the eigenvalue of R,i=1,2,3

Rotational
. : 3
motion in R

Casel: tr(R)=3orR=1,0=0= wf=0
Case 2: —1<tr(R) < 3,

tr(R) -1 1 [ r2—123
T:.'w-— 3 — 131

0 = arccos =
2sg L 121 — 112
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Taking the trace of both sides,
3

tr(R) = +rpn+r;3=1+2cos0 = Z’\i
i=1

where A; is the eigenvalue of R,i=1,2,3

Rotational

motion in R? CaSe 1: tr(R) = 3 or R = I, 9 = 0 = a)@ = 0
Case 2: -1<tr(R) < 3,
tr(R) — 1 1 [ r2—13 ]
0 =arccos —— = w=—| M3-73
2 2sg L 21— T2

Case 3: tr(R) =-1=cosf=-1=0=x+m

(continues next slide)
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Following are 3 possibilities:

1 0 0 1
R= O _1 0 = W = O ,
| 0 0 -1 | 0 |
[ -1 0 0 ] [0 ]
R= O 1 0 = W = 1 ,
| 0 0 -1 | | 0 |
Rotn.tiol}al ; [ _1 0 0 J = O =
motion in R” R= O _1 0 . O
| 0 0 1 | [ 1]

Note that if w6 is a solution, then w(6 +nm),n =0,+l,+2,... is
also a solution. [




2.2 Rotational Motion in R3

Definition: Exponential coordinate
wB € R?, with ?? = R is called the exponential coordinates of R

Chapter 2 Rigid Body Motion
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Rotational
. : 3
motion in R

Exp:

Figure 2.6
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Definition: Exponential coordinate
wB € R?, with ?? = R is called the exponential coordinates of R
Exp:

Rotational
.3
motion in R

Figure 2.6

Property 5: exp is 1-1 when restricted to an open ball in R?
of radius 7.




Chapter 2 Rigid Body Motion
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20

Theorem 1 (Euler):
Any orientation is equivalent to a rotation about a

1
fixed axis w € R? through an angle 0 € [, 7]. **;

4

1707-1783

Rotational
motion in R?

Figure 2.7

SO(3) can be visualized as a solid ball of radius 7.
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= The Exponential Map
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2.2 Rotational Motion in R3
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0 Other Parametrizations of SO(3):

m XYZ fixed angles (or Roll-Pitch-Yaw angle)

Rotational
. : 3
motion in R

Figure 2.8

(continues next slide)
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m XYZ fixed angles (or Roll-Pitch-Yaw angle) Continued

X [ 1 0 0 ]
Ri(p):=e%=| 0 cosg —sing
| 0 sing cos¢ |
N cos@ 0 sinf
Rom.tiol}al . Ry(e) = eye = 0 1 O
motion in R - sin 9 0 cos 0
, [ cosy —siny 0O
R,(y):=¢VY = SiI(l)l// cogt// 0
1

Rab = Rx(‘/))Ry(e)Rz(l/’)
CoCy —CoSy S9
= SpSeCy + CoSy  —SpSgSy t CoCy  —SeCh
—CpSeCy + SpSy  CoSgSy + SeCy CyCh
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m ZYX Euler angle

Rotational
motion in R? X y

Figure 2.9
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2.2 Rotational Motion in

m ZYX Euler angle

42) . A 4

Rotational 4 4
motion in R? X y y y
. ’ ’

Figure 2.9
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2.2 Rotational Motion in R3

m ZYX Euler angle

A AII

Z(Z,) Z, A/ B

2 2

Rotational ! ! (I Vi

motion in R? x “ « y y , y (y ) y

X X B
X N
Figure 2.9

R, = RZ((X) Rygr = Ry(ﬁ)
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2.2 Rotational Motion in

m ZYX Euler angle

A 77
A7) z' Al 11%
Z” ZII/ z”
y yIII
! ! s s
@ Y Y ") y
Y 4 4B
xn (x///) x//
Figure 2.9

Ra/all = Ry(ﬁ) Ra"b = Rx('y)

Rop = Rz(“)Ry(ﬁ)Rx()’)
(continues next slide)

Raa’ = RZ(OC)
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2.2 Rotational Motion in R3

m ZYX Euler angle (continued)
CaCB  —SaCy + CaSBSy  SaSy + CaSBCy
SaCB  CaCy +SaSpSy  —CaSy + SaSpCy
- CpSy CRCy

Rap(a, B, y) = [

Note: When 8 = 7, cos f = 0, a + y = const = singularity!

Rotational

24

. : 3
motion in R

1
atan2(y, x
B = atan2(—r3, \/ 1’%2 + 1'%3) ()/)\ /;

o = atan2(ry/cg, ri/cp)

y = atan2(rs/cg, 133/cp) -1

Figure 2.10
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Gimbal Lock Region Roll Error Needle
Roll Rate Needle Roll Index
Ea ond

Yaw Error Needle Yaw Rate Needle Pitch Rate Needle
Pitch/Yaw Index Pitch Error Needle
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F-16 Fly-By-Wire Fighter Jet
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= The Exponential Map
= Rodrigues Formula

= Euler Angles

= Quaternions




Ouaternions to the Rescue


Quaternions to the Rescue


Hamilton’s Walk
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§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Rotational
. : 3
motion in R
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2.2 Rotational Motion in R3

25

§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Rotational ||Q||2 = QQ* = qoz 4 q12 + q22 + q32

. : 3
motion in R

Property 1: Define Q* = (q0,9)* = (q0-—9)-90 € R,q € R® J
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2.2 Rotational Motion in R3

25

§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Property 1: Define Q* = (q0,9)* = (q0-—9)-90 € R,q € R®
Rotational ||Q||2 = QQ* = qoz 4 q12 + q22 + q32

. : 3
motion in R

Property 2: Q= (q0,9),P = (po,p)
QP = (gopo =4 P> qop + Poq + 9 < p)
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2.2 Rotational Motion in R3

25

§ Quaternions:

Q=qo+qi + q2j + g3k
where =2 =k*=-1,i-j=k,j-k=ik-i=]

Property 1: Define Q* = (q0,9)* = (90> —9)>q0 € R, q € R®
Rotational ”Q”Z = QQ* = qu 4 q12 + qzz + q32

. : »3
motion in R

Property 2: Q= 1(q0,9),P = (po,p)
QP = (gopo =4 P> qop + Poq + 9 < p)
Property 3: (a) The set of unit quaternions forms a group
) 0 0
(b) If R=¢%? then Q = (cos > w sin E)
(c) Q acts on x € R? by QXQ*, where X = (0,x)
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O Unit Quaternions:
Given Q = (90,9)>90 € R, g € R3, the vector part of QXQ* is
given by R(Q)x, recall that

qo = cos%,q = wsin%
and the Rodrigues’ formula:
e =T+ @sinf + ®>(1-cos )

Rotational

motion in R? then

R(Q) =1+2qog + 24
1-2(q3+4q3) —29095 +2q192 249092 + 29195
=| 29095 +2q:1q> 1-2(q; +q3) —2qoqi + 24295
~2q0q2 + 29195 2qoq1 + 29295 1-2(q; +q3)

where [Q[ £ g5 +q7 +q; + 43 =1
(continues next slide)
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O Quaternions (continued):
Conversion from Roll-Pitch-Yaw angle to unit quaternions:

4 |4

Q = (cos E,xsin g)(cos g,ysin g)(cos E,zsin %) =

AL N N

Rotational qo = COS — COS — €OS — — sin — sin — sin —

motion in R? 2 2 2 2 2 2
0 0

cos b sin — ‘/f + sin — cos — COs hd

2 2 2 2

qg=1| cos b sin — 1// —sin — Ld cos — 1//

2 2 2 2

cos ¢ COSs — sin — id + sin L sin — cos E

2 2 2 2 2 2

Conversion from unit quaternions to roll-pitch-yaw angles (?)

+ End of Section t



Today

Chapter 2 Rigid Body
Motion

Rotational motion in R?

= The Exponential Map
- Rodrigues Formula

= Euler Angles

- Quaternions



