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@ Robots and Robotics
g Ancient History (3000 B.C.-1450 A.D.)
© Early History (1451 A.D.-1960)

© Modern History (1961- )
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O Description of point-mass motion:
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Rigid Body Z(O)
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Figure 2.1
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O Description of point-mass motion:
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2 Rigid Body x(0

Moti . e ..

e p(0) =] y(0) [: initial position

Rigid Body Z(O)

Transforma-

tions

xgt
p(t) = |: y t§ :|,t€ (-¢&¢)
z(t

p(0)
Figure 2.1

Definition: Trajectory

x(t)
A trajectory is a curve p: (—¢, &) = R3,p(t) = [ ygg ]
z




Chapter 2 Rigid Body Motion

2.1 Rigid Body Transformations

5

O Rigid Body

Mo!:ion:

Chapter
2 Rigid Body
Motion

Rigid Body
Transforma-
tions

Figure 2.2



Chapter 2 Rigid Body Motion

2.1 Rigid Body Transformations

5
O Rigid Body Mo!:ion:
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v(o) = Plo) ’,ll°)
(9 =P(t) -yl¥)
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lp(t) = a(®)| = [p(0) - q(0)| = constant
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Figure 2.2
lp(t) = q(2)[ = p(0) — q(0)] = constant

Definition: Rigid body transformation
g: R R

s.t.
Length preserving: [[g(p) —g(q)| = [p 4|
Orientation preserving: g, (v x @) = g (v) x g« (w)

T End of Section ¥ <
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[ Rotational motion in R? ]

Rotation Matrix

. Represents configuration

= Represents (rotational) transformation
Rotation Matrices with matrix multiplication form a Group
Rotational Transformation is a Rigid Body Transformation
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O Rotational Motion:

Choose a reference frame A
spatial frame

Rotational
. : 3
motion in R

X
A: 0—xyz

Figure 2.3
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O Rotational Motion:

Choose a reference frame A
(spatial
Attach a frame B to the body

Rotational ( b__o_d_y f_ra_m__)_e

. : 3
motion in R

B: 0= XgpYabZab

Figure 2.3

xa € R®: coordinates of x; in frame A
Ry = [%ab Yab Zap] € R%*3: Rotation (or orientation) matrix of B
w.r.t. A
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O Property of a Rotation Matrix:
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O Property of a Rotation Matrix:
Let R=[r r, r3] be a rotation matrix

. . 283
T 0 i#j et
Rotational 1 1 :] So ¢9i )
motion in R? T ﬁ&; X \l
"\ Ok
or RT-R= r [nryr]=IorR-RT =1
"3

det(R'R) = detR” - detR = (detR)* = 1, detR = 1
As detR=rl(r;xr3) =1=detR =1

\
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Definition:
SO(3) = {Re R |R"R=1,detR=1}

and

SO(n) = {ReR”"|R"R=1,detR =1}

Rotational
. : 3
motion in R



”What IS a GrOUp?” ~ Question posed to 7 year old

Terry Tao.

(6-)
M.A.C.: What is a group?

T.T.. A set which is mapped onto itself by a binary operation; The binary
operation is associative, and the set has an identity e such that e xx

equals x for all x in the set. Also, for each x in the set there is an
inverse x' in the set such that x' * x equals e.
m————

MAC=M. A (Ken) Clements
L= Terrence Tao
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Definition:
SO(3) = {Re R

R'R=1,detR=1}
and
SO(n) = {ReR”"|R"R=1,detR =1}

Rotational

motion in R? 0 ReVieW: Group
(G,-) is a group if:
8:£2€¢G=>8-9¢G
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(G,) is a group if:
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¢ Review: Examples of group

(R3,+)

({0,1},+ mod 2)

(R, x) Not a group (Why?)
(Rs : R - {0}, %)

St2 {zeClle| =1}

Rotational
.3
motion in R

Property 1: SO(3) is a group under matrix multiplication. J

Proof :
m If R, R, € SO(3), then R; - R, € SO(3), because

® (RIRZ)T(RJBZ) = Rg(RlTRl)Rz = R;Rz =1
° det(R1 . Rz) = det(Rl) . det(Rz)

=1
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¢ Review: Examples of group

(R3,+)

({0,1},+ mod 2)

(R, x) Not a group (Why?)
(Rs : R - {0}, %)

St2 {zeClle| =1}

Rotational
.3
motion in R

Property 1: SO(3) is a group under matrix multiplication. J

Proof :

m If R, R; € SO(3), then R; - R, € SO(3), because
e (RiR)T(RiRy) = RE(RIR)R, =RIR, =1
° det(R1 . Rz) = det(Rl) . det(Rz) =1

e=1I33
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¢ Review: Examples of group

(R3,+)

({0,1},+ mod 2)

(R, x) Not a group (Why?)
(Rs : R - {0}, %)

St2 {zeClle| =1}
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.3
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Property 1: SO(3) is a group under matrix multiplication. J

Proof :
m If R, R; € SO(3), then R; - R, € SO(3), because
e (RiR)T(RiRy) = RE(RIR)R, =RIR, =1
° det(R1 . Rz) = det(Rl) . det(Rz) =1
e=1I3,3
B RT-R=I=R'=RT €, (BaRe)= @\9\39‘3 O




Chapter 2 Rigid Body Motion

2.2 Rotational Motion in R3

O Configuration and rigid transformation:

u Rab = [xab Yab Zab] € SO(3)
Configuration Space

Rotational
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motion in R

A: 0o—-xyz
B: 0o- XabYabZab

Figure 2.3
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2.2 Rotational Motion in R3

O Configuration and rigid transformation:
B Ry = [xab Vab Zab] € SO(3) (’/ . b?\a‘vﬂb\‘ 1’5

Configuration Space ; ol
g p (g spu;w T.
Rotational m Let gy = % € R3: coordinates of g in B. |™
motion in R? qb Zb ’ q ’
Ga =Xab*Xp+ Yab " Yb + Zab " Zp
— ¥b =R, A: o-xyz
= [Xab Yab Zav] %b = Rab " qb B: 0 — XapYabZab
b % N
Figure 2.3

B Hanstoms Ve m {8 b vee {4

o'o.; Q“iv.’z
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™ Ry = [Xab Yab Zab] € SO(3)
Configuration Space

O Configuration and rigid transformation:
q

Xp . .
Roeiual] m Let g, = [ %b ] € R3: coordinates of qinB.|[™
motion 1n I b
Ga =Xab*Xp+ Yab " Yb + Zab " Zp
Xp !
— _ A: 0o—xyz
- [xab Yab Zab]I: %Z :| = Rab “qb B: o—xfb}’abzab
Figure 2.3

m A configuration Ry, € SO(3) is also a transformation:
Rep :R® = R Ry (qp) = Rap Gy = da

A config. < A transformation in SO(3)
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Property 2: R, preserves distance between points and
orientation.

[Rap- (Po= pa) | = |l = Pal
BR(vxw)= (Rv) xRw

Rotational

motion in R? %‘ Lk}AW
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Property 2: R, preserves distance between points and
orientation.

A | Rgp- —Pa)ll = ~ Pa
8 |Rap- (96— pa)| = [P pal 0 R,W__QQ
BR(vxw)= (Rv)xRw T show ® | ’

\ RG & Rw

Rotational )
motion in R? PrOOf : 0 a a \ T
) —as  a 4w
ForaeR3 leta=| a3 0 -gq ¢
_az al O

Note that a-b=axb
follows from |Ru(py _Pa)HZ = (Rap(po _Pa))TRab(Pb ~Pa)

= (py —pa)T@szag(pb - Pa)
I?

= lpo —pa
follows from RVRT = (Rv)" (prove it yourself) O
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Rotation Matrix
Represents configuration
= Represents (rotational) transformation
Rotation Matrices with matrix multiplication form a Group
Rotational Transformation is a Rigid Body Transformation
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