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What we’ll Cover Today
• Newton-Euler equations of motion
• Equations of motion for the quadrotor

• State-space system modeling & stability
• State-space model for the quadrotor

• First assignment
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Motivating Example
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Newton-Euler Equations of 
Motion
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Forces & Linear Momentum For Rigid Bodies
The rate of change of linear momentum 𝑳 in an inertia frame 𝐴 for a rigid body B 
equals the net applied force 𝑭.
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𝑑𝑡
then:  

𝐅 =
!𝑑𝐋
𝑑𝑡

𝑳 = 𝑚 !𝒗#

Where 𝑚 is the total mass and !𝒗# is the velocity of the
center of mass, a point 𝐶 located at 𝒓#.

The center of mass of a rigid body moves like a point mass m driven by a force 𝐹.
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𝐅$Net force:

𝐅 = 𝑚 !𝒂#



Moments & Angular Momentum for a Rigid Body
The rate of change of angular momentum 𝑯 in an inertial frame A for a rigid body 𝐵 relative to 
point 𝐶 equals the net moment 𝑴 about 𝐶 due to applied forces relative to 𝐶.
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!𝐇#( = 𝐈# ⋅ !𝜔(𝐌#
( =

!
𝑑 !𝐇#(

𝑑𝑡

Net moment on 
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point C from all 
external forces 

and torques

inertia tensor
Angular 

momentum of 
body B about 

point C in frame A
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𝐼"# 𝐼## 𝐼#$
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Principal Axes
Principal axis of inertia
◦ 𝐮 is a unit vector along a principal axis if 𝐈𝐮 is parallel to 𝐮
◦ You can always find 3 independent principal axes!
◦ Axes of symmetry are always principle axes.

Principal moment of inertia
◦ The moment of inertia with respect to a principal axis, 𝐮𝐓𝐈𝐮, is called a principal moment of 

inertia

Physical interpretation
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!𝐇"# and AwB are not
parallel! C

BAwB

C
B

AwB

!𝐇"# and AwB are
parallel! (Recall *𝐇+, = 𝐈+ *𝜔, )



Euler’s Equations
What is the correct rotational analog to 𝑭 = 𝑚𝒂?
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𝐌#
( =

!
𝑑 !𝐇#(

𝑑𝑡
!𝐇#( = 𝐈# ⋅ !𝜔(

differentiating in 
a moving frame

=
(𝑑𝐇#(

𝑑𝑡
+ !𝜔(×𝐇#(

(𝑑𝐇#(

𝑑𝑡
= 𝐈# ⋅ !�̇�(

!𝜔(×𝐇#( =
!𝜔(×𝐈# ⋅ !𝜔(

Using body-fixed coordinates, 𝐈# is constant.

𝐈# !�̇�( + !𝜔(×𝐈# !𝜔( = 𝐌#
(Euler’s Equations:

Not constant in 
inertial coordinates!

C
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b3
B

Pi
F

MC net external moment



Euler’s Equations
Define a body fixed frame with b1, b2, b3 all along principal axes.
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𝐈# ⋅ !�̇�( + !𝜔(×𝐈# ⋅ !𝜔( = 𝐌#
(

𝑴#
( = 𝑀#&𝒃& +𝑀#+𝒃+ +𝑀#,𝒃,

!𝝎( = 𝜔&𝒃& +𝜔+𝒃+ +𝜔,𝒃,

𝐼# = diag(𝐼&&, 𝐼++, 𝐼++)

From Euler’s Equation

Then, traditional matrix form for Euler’s Equations



Examples
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Is the angular momentum constant?

Is the angular velocity constant?
𝐌#
( =

!
𝑑 !𝐇#(

𝑑𝑡

𝐈# !�̇�( + !𝜔(×(𝐈# !𝜔( ) = 𝐌#
(

Football thrown expertly.

0

0

}
0

{



Examples
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Is the angular momentum constant?

Is the angular velocity constant?
𝐌#
( =

!
𝑑 !𝐇#(

𝑑𝑡

𝐈# !�̇�( + !𝜔(×(𝐈# !𝜔( ) = 𝐌#
(

Football thrown poorly.

0

0

}
not zero!

{



Examples
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Is the angular momentum constant?

Is the angular velocity constant?
𝐌#
( =

!
𝑑 !𝐇#(

𝑑𝑡

𝐈# !�̇�( + !𝜔(×(𝐈#⋅ !𝜔( ) = 𝐌#
(

Football skewered on a stick.

frictionless bearings

not zero!



Application to Quadrotors
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Quadrotors
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𝐌 = (𝐫&×𝐅& + 𝐫+×𝐅+ + 𝐫,×𝐅, + 𝐫-×𝐅-)
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+ (𝐌& +𝐌+ +𝐌, +𝐌-)



Newton-Euler Equations for a Quadrotor
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Newton-Euler Equations for a Quadrotor
Recall that 𝐅$ = 𝑘.𝜔$+ and 𝐌$ = 𝑘/𝜔$+

Let 𝛾 = 0!
0"
= 𝐌#

𝐅#
⟺𝐌$ = 𝛾𝐅$
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Inputs
Putting everything together, we have inputs:

Note: All quantities are in the body frame!
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𝐮 =

1 1 1 1
0 𝐿 0 −𝐿
−𝐿 0 𝐿 0
𝛾 −𝛾 𝛾 −𝛾

𝐹&
𝐹+
𝐹,
𝐹-

𝐮 =

𝑢&

𝒖+
=

thrust
moment about 𝑥
moment about 𝑦
moment about 𝑧

F$ = 𝑘.𝜔$+


